Abstract. It is extended to arbitrary codimension several results about the harmonicity of a Gauss map in the Euclidean space and in certain homogeneous spaces. It is introduced the concept of a harmonic unit normal section and proved that if a submanifold of R m has parallel mean curvature vector then a parallel unit normal section is harmonic if and only if the associated Gauss map is a harmonic map. We also characterize algebrically these harmonic unit normal sections as eigenvectors of a certain self-adjoint linear bundle map. We apply these results to prove the existence of unit normal sections of isoparametric submanifolds of the Euclidean space and of spheres whose associated Gauss maps are eigenmaps of the Laplacian (following Eells-Lemaire definition).
Introduction
A well known theorem of E. Ruh and J. Vilms asserts that a hypersurface of the Euclidean space R m has constant mean curvature (CMC) if and only if its Gauss map is harmonic (Ruh-Vilms result is in fact more general. See [20] ). This equivalence provides a strong tool to the study of CMC hypersurfaces of the Euclidean space, in particular their Gauss image, a classical topic of research in Differential Geometry (see, for instance, [14] ). A natural question in the case of submanifolds of arbitrary codimension of R m which, to the best of authors knowledge, has not been considered is:
Question. Let M be a n−dimensional manifold immersed in the Euclidean space R m , 1 < n < m: Is there a unit normal section η of M such that the associated Gauss map
is harmonic?
In this paper we investigate this question with the Gauss map naturally associated to submanifolds of certain homogenous spaces. For a better motivation of our work, we state in the introduction our results in the Euclidean space, show an application to the isoparametric submanifolds theory and comment on the extensions which are done in the paper. To give precise statements, we need to introduce some definitions.
Let M be a manifold immersed in a Riemannian manifold N and denote by E(M) the vector bundle over M of endomorphims of T M:
Let N (M) and E(M) be the vector bundles over M of the sections of the normal bundle T M ⊥ and the sections of E(M), respectively. Define the vector bundle homomorphism B : N (M) → E(M) by B(η) = S η , where S η is the second fundamental form associated to η that is, S η (E) = − (∇ E η) ⊤ , ∇ is the connection of N and (·) ⊤ the orthogonal projection of T N on T M. Considering in E(M) the HilbertSchmidt metric, that is,
where {E j } is a local orthonormal basis on M, we may define the vector bundle homomorphism B * : E(M) → N (M) as the fiber-wise adjoint map of B.
Recall that a map from a manifold M to S m−1 is harmonic, in the case that M is compact, if it is critical point of the functional H :
If M is only complete, a map is harmonic if it is a critical point of H restricted to compact subdomains of M. Denote by N 1 (M) the subbundle of unit normal sections of N (M) . We say that a unit normal section is harmonic if it is a critical point of the functional N : (
We observe that elementary Linear Algebra guarantees the existence of eigenvectors η of B * B as well as, in the case that M is compact, standard results from Analysis guarantee the existence of a minimizer η of the functional N (possibly only in the weak sense). The difficulty in the above theorem to guarantee the harmonicity of the Gauss map γ η associated to such an η is to guarantee that η is parallel in the normal connection. Note that this is trivial in codimension 1 (this way, the above theorem extends Ruh-Vilms result in the case of hypersufaces).
A well known family of submanifolds of the Euclidean space, plenty of parallel unit normal sections, much studied in the classical and modern Geometry of Submanifolds, where we can apply the above theorem, is the family of isoparametric submanifolds. Recall that a complete submanifold M of R m is called isoparametric if it has flat normal bundle and its principal curvatures in the directions of any parallel normal vector field are constant (see definition 6.4). Following Eells-Lemaire [9] , an eigenmap of M is a map f : M → S k such that ∆f = λf , λ constant. In particular, an eigenmap is a harmonic map. We prove:
Then B * B has constant non negative eigenvalues σ 1 ≤ · · · ≤ σ r , r = m − n, and the associated unit eigenvectors η 1 , · · · , η r form an orthonormal basis of N 1 (M), parallel on the normal connection. Moreover the Gauss maps γ η i : M → S m−1 are eigenmaps and
In the paper we extend Theorem 1.1 to more general ambient spaces, which include symmetric spaces, which allows to extend Theorem 1.2 to minimal isoparametric submanifolds of spheres. A key concept used in the paper, that allows to obtain part of our extensions, is of polar action (see section 4).
The paper is organized as follows. In the Section 2 we give basic definitions and set the notation used throughout the paper.
In the Section 3 we define and prove several facts about the rough Laplacian of a vector field along a submanifold M of N. In particular we obtain an extension, to submanifolds of arbitrary codimension, of Proposition 1 of [11] . This proposition, which gives a formula for the Laplacian of a function of the form η, V , where η is a unit normal section of M and V is a Killing vector field of N, has been used in many works and the extension obtained here is fundamental to the results of the paper.
In the Section 4 we obtain the Euler-Lagrange equation of the critical points of an energy functional and prove the existence of a harmonic unit normal section on any principal orbit of a polar action.
In the Section 5 we introduce a class of homogeneous space admitting an isometric translation. In these spaces a Gauss map is naturally associated to a unit normal section of a submanifold of the space. We then prove several facts to be used in Section 6 to get applications to submanifolds of the Euclidean space and the sphere. A special case of homogeneous space admitting an isometric translation is the sphere S 7 endowed with the octonionic multiplication. Using the Gauss map determined by this structure we also obtain a version of the Ruh-Vilms Theorem for hypersurfaces of the spheres S k , 3 ≤ k ≤ 7.
Preliminaries
Let M be an immersed submanifold of a Riemannian manifold N. It is convenient to introduce the notations T (M) and T (N) for the sections of T M and T N that is, the vector fields of M and N respectively. We also make use of the notation
We denote by ∇ ⊥ := (∇) ⊥ the normal connection of M, acting on T M ⊥ , where ⊥ is the orthogonal projection of T N on T M ⊥ . The curvature tensor R and normal curvature tensor R ⊥ are given by
η, for X, Y, Z vector fields of M and η a normal vector field of M. We say that the normal bundle of M is flat if R ⊥ ≡ 0. Next we introduce an operator, the normal Ricci operator, that appears frequently in our results. First consider the symmetric bilinear form Ric M on T (M, N) defined as follows:
We then define the normal Ricci operator
Notice that the normal Ricci operator is selfadjoint.
The rough Laplacian of a vector field along a submanifold
It is well know the notion of the rough Laplacian of a vector field of a Riemannian manifold ( [23] ). In this section we define and prove several facts about the rough Laplacian of a vector field along a submanifold M of N, to be used in the next sections. In particular we obtain an extension, to submanifolds of arbitrary codimension, of Proposition 1 of [11] .
The rough Laplacian ∇ 2 W of vector field W ∈ T (M, N) along M is also a vector field along M defined by
where n = dim(M) and {E 1 , · · · , E n } is a local orthonormal basis of M. One may see that this formula is given as the trace of a bilinear form and hence does not depend of the orthonormal basis {E j }. We are mainly interested in the case of the rough Laplacin acting on Killing fields.
Example 3.1. Let M be an n-dimensional manifold immersed in the Euclidean space R m and let V be a Killing vector field of R m . Then,
where ∇ denotes the Riemannian connection of R n+r .
Example 3.2. Let M be an n-dimensional manifold immersed in the round sphere S m and let V be a Killing vector field of S m . We denote by ∇ and ∇ the Riemannian connections of S m and R m+1 , respectively. Note that V can be represented as a constant skew-symmetric matrix A of dimension m + 1, that is, V (p) = Ap, where p is regarded as column vector of R m+1 .
Choose p ∈ M and let {E 1 , · · · , E n } be a local orthonormal basis of M geodesic at p. Then, at p
where (·) ⊤ M denotes the orthogonal projection on T M.
Example 3.3. Let M be an n-dimensional manifold immersed in the hyperbolic space H m and let V be a Killing vector field of H m then,
where (·) ⊤ M denotes the orthogonal projection on M and ∇ is the Riemannian connection of H m . This formula can be obtained as the previous case of the sphere by using the Lorentz model of the hyperbolic space.
If X ∈ T (M) and η ∈ N (M) then ∇X, ∇ ⊥ η is defined as the trace of the bilinear form defined in
The next lemma gives an expression for the tangent part of the rough Laplacian of a normal section.
where grad M denotes the gradient on M and − → H the mean curvature vector field of M.
Proof. Choose p ∈ M and let {E 1 , · · · , E n } be a local orthonormal basis of M geodesic at p. Then,
The following equalities are satisfied
and E j , η = 0, along M. Then, for each j ∈ {1, · · · , n} we have at p
Therefore, observing that p is arbitrary and writing X on the basis {E j }, the lemma is proved.
Recall that a normal section η of an immersed submanifold M of a Riemannian manifold N is called parallel in the normal connection if ∇ ⊥ X η = 0, for all X ∈ T (M). Corollary 3.5. Let M be an n-dimensional manifold immersed in a Riemannian manifold N and assume that η is a paralell normal section in the normal connection of M. Then,
for all X ∈ T (M). In particular, if M is an orientable hypersurface of N and η is a unit normal section then
where H is the mean curvature of M and Ric(·, ·) is the Ricci tensor of N.
In the next lemma we obtain a formula for the normal part of the rough Laplacian of a Killing vector field. 
Proof. Choose p ∈ M and let {E 1 , · · · , E n } be a local orthonormal basis of M geodesic at p. We extend {E i } to an open set of N parallelly along the geodesics orthogonal to M. Since V is a Killing vector field we have at p
For the second term of the last expression we obtain
On the other hand, since
and then
that is,
Thus, from (3) and (4) we obtain (2). 
Proof. Given p ∈ M, let {E 1 , · · · , E n } be a local orthonormal basis of M geodesic at p. Then, at p,
Note that
From this equation and the Proposition 3.6, we have
and
Recall from Proposition 3.4 that
Then, from equations (6), (7), (8) and (9) we obtain (5).
As a consequence of the Lemma 3.8 we obtain the following useful formula. 
where − → H is the mean curvature vector of M.
Proof. Given p ∈ M let {E 1 (p), · · · , E n (p)} be a basis of the tangent space T p M that diagonalizes the second fundamental form of M determined by η. Then, since η is parallel in the normal connection of M and V a Killing vector field of N, we obtain
and thus, from Lemma 3.8
Let ν be a normal vector to M. Differentiating
with respect to E i and summing up we have
It follows that ∇ 2 η, ν = − B * B(η), ν which, together with (11) gives (10).
Harmonic unit normal sections
In this section we introduce the concept of harmonic unit normal sections of a submanifold M of a Riemannian manifold N and prove that unit normal sections of principal orbits of polar actions provide a family of examples of harmonic unit normal sections. These examples are interesting on its own and important in our applications.
Let M be a compact manifold immersed in a Riemannian manifold N. Herein, we assume that N 1 (M) is nonempty. We define the energy functional N :
We say that a unit normal section of M is harmonic if it is a critical point of N . If M is not compact a unit normal section η of M is harmonic if η is a critical point of N on any compact subdomain of M.
Taking variations of a unit normal section η on N 1 (M) we obtain:
An isometric action of a compact Lie group G on a complete Riemannian manifold N is called polar if the action admits a section, that is, if there is a connected complete riemanian manifold Σ isometrically immersed in N which intersects orthogonally all the orbits of G (see [1] , Section 4.1). We prove: Proof. Let µ : G × N → N be a polar action. For each g ∈ G, we denote by µ g : N → N the map defined by µ g (·) := µ(g, ·). Let x ∈ N be such that G(x) is a principal orbit of G. Let η 1 (x), · · · , η r (x) be an orthonormal basis of eigenvectors of the self-adjoint operator B * B defined on the normal space T ⊥ x G(x). For each eigenvector η i (x), we define a normal vector field η i along G(x) by
It is easy to see that η i is well defined and is parallel in the normal connection (see [1] , Sections 3.4 and 4.1). We claim that η 1 , · · · , η r are eigenvectors of B * B of G(x). Indeed, let {v 1 , · · · , v r } and {w 1 , · · · , w r } be orthonormal basis of T x G(x) that diagonalizes the second fundamental forms S η l (x) and S η k (x) , respectively, l, k ∈ {1, · · · , r}. Thus, if the principal curvatures are denoted by λ i and σ i we have S η l (x) (v i ) = λ i v i and S η k (x) (w i ) = σ i w i . Now, it is easy to see that S η i (µ(g,x)) = dµ g S η i (x) dµ g −1 and that the tangent vector fields to G(x), V i (µ(g, x)) = dµ g v i and W i (µ(g, x)) = dµ g w i , are eigenvectors of S η l and S η k with eigenvalues equal to λ i and σ i . Hence, if (a i j ) is the change basis matrix from {w 1 , · · · , w r } to {v 1 , · · · , v r } then (a i j ) is the change basis matrix from {W 1 , · · · , W r } to {V 1 , · · · , V r } too. As consequence, we have at µ(g, x)
Therefore, noting that all the terms a i j , λ i , σ j and v i , w j are constant we have that S η l , S η k is constant along G(x). That is,
Since l and k are arbitrary it follows that η 1 , · · · , η l is an eigenbasis of B * B along G(x) with constant eigenvalues equal to S η l (x) 2 . Finally, we note that if η is a normal vector field parallel in the normal connection then (∇ 2 η) ⊥ = −B * B(η). Therefore, the eigenvectors
Thus, from Proposition 4.1 the normal vector fields η 1 , · · · , η r are harmonic unit normal sections of G(x).
The Gauss map on homogeneous spaces with an isometric translation
Gauss maps on oriented hypersurfaces have been defined and studied in several ambient spaces (for example [3] , [4] , [7] , [8] , [10] , [12] , [15] , [17] and [19] ), and different versions of the Ruh-Vilms Theorem were obtained. In this section we define a special class of homogenous spaces that admit a certain isometric translation and where a Gauss map associated to a unit normal section of a submanifold is naturally defined. We are then able to extend several previous results of [3] , [10] , [17] , [19] . Definition 5.1. We say that a map Γ : T N → R n+k is an isometric translation on a homogenous space N if:
(
m+k is possible to associate a Killing vector field
A simple example of a homogenous space as in Definition 5.1 is a Lie group G with a bi-invariant metric. The translation Γ :
This example is a particular case of the next large family of examples.
Example 5.2. We follow the constructions of [3] and [19] . Let N be a homogeneous space and let G be the full isometry group of N. Then N is isometric to G/K = {xK | x ∈ G} where K is the isotropy subgroup of G at some point of N and the metric of G/K comes from a metric in G such that the projection π : G → G/K is a pseudo Riemannian submersion. We assume that the metric in G is a pseudo bi-invariant metric.
The set of horizontal vectors of the projection π :
we shall denote by l x . Now consider the map Γ : T (G/K) → g between the tangent bundle T (G/K) and the Lie algebra g of G, defined at each p ∈ G/K by
where R denotes the right translation on G and x is any point in the fiber π −1 (p). We prove in the sequence that Γ is well defined and is indeed an isometric translation.
Lemma 5.3. For each p ∈ G/K, the linear transformation
Therefore, Γ p is well defined.
Proposition 5.4. Γ is an isometric translation on G/K.
Proof. From definition of Γ and from the hypothesis that the metric of G is pseudo bi-invariant it immediately follows that Γ p : T p (G/K) → g is linear and preserves the inner products. We next prove that condition (2) of Definition 5.1 is satisfied. First recall that the isometric action x) ), x ∈ G, where L g denotes the left translation by g on G.
The Killing field ζ(V ) of G/K determined by a vector V ∈ g is given by
where exp is the usual exponential map of G. Note that, given p ∈ G/K and
This concludes the proof the proposition.
Example 5.5 (The octonionic isometric translation in the sphere S 7 ). This example is not contained in the the family described above. Given n ∈ {0, 1, 2, . . . }, the Cayley-Dickson algebra C n is a division algebra structure on R 2 n defined inductively by C 0 = R and by the following formulae:
where x = (x 1 , −x 2 ) , with x = x if x ∈ R (see [2] ).
The Cayley-Dickson algebra C 3 of R 8 is called the octonions and denoted by O. We next mention some well known facts about the octonions which proofs can be found in [2] . Let 1 be the neutral element of O. Besides being a division algebra, O is normed: x · y = x y , for any x, y ∈ O, where is the usual norm of R 8 , and x = √ x · x. Setting Re(x) = (x + x) /2 we have given by the left translation,
The right and left translations
it follows immediatly from the properties of the octonions described above that:
Definition 5.7 (Gauss map). Let M be an n-dimensional manifold immersed in a homogeneous space N with an isometric translation Γ : T N → R m+k and assume that N 1 (M) is nonempty. For each η ∈ N (M) we say that the map
is the Gauss map associated to η.
In the following result we calculate the Laplacian of γ η . 
where v 1 , · · · , v m+k is a fixed orthonormal basis of R m+k .
Proof. Let η be a unit parallel normal vector field of M and let v 1 , · · · , v m+k be an orthonormal basis of R m+k . Thus, from Corollary 3.9 have
Applications to isoparametric submanifolds
Our main results in this section are applications of the previous theorems for proving the existence of eigenmaps of isoparametric submanifolds of the Euclidean space and of the sphere.
6.1. Euclidean space. We begin by stating some facts, which are direct consequences of our previous results. In the first one we obtain a formula for the Laplacian of the Gauss map associated to a parallel unit normal section of a submanifold of R m .
Proposition 6.1. Let M be an n−dimensional manifold immersed on the Euclidean space R m and let η be a unit normal section parallel in the normal bundle of M. Then,
Proof. The normal Ricci operator Ric
⊥ M is equal to zero since the curvature tensor of R m vanishes identically. Then, denoting by {e 1 , · · · , e m } the canonical basis of R m we have, from Corollary 3.9
As a consequence of the Theorem 6.1 we obtain equivalences relating η and the associated Gauss map γ η . Precisely, we have: ( 
To state our main result we recall the classical notion of isoparametric submanifold (see [22] ): 
Proof. Choose p ∈ M and let {η 1 (p), · · · , η r (p)} be an orthonormal basis of T p M of eigenvectors of B * B. Since the normal bundle of M is globally flat (see [22] )) we can extend {η 1 (p), · · · , η r (p)} to an orthonormal basis {η 1 , · · · , η r } of the normal bundle of M such that each vector field of this basis is parallel in the normal bundle. Moreover, the principal curvatures of the shape operators S η l , l = 1, · · · , r, are constant. Then, each function S η l , S η k are constant. Thus,
Therefore, η 1 , · · · , η r are eigenvectors of B * B. By Corollary 6.2 each γ η k is an eigenmap of M.
The influence of the image of the Gauss map of a minimal or a CMC hypersurface M of R m on the geometry and topology of M is a classical topic of study in Differential Geometry. We obtain here: Proof. From Corollary 6.2 and the hypothesis on the images of the Gauss maps γ η 1 , · · · , γ η k : M → S n+r−1 implies that for some vectors v 1 , · · · , v k that the functions η 1 , v 1 , · · · , η k , v k are positive and superharmonic. Thus, each η i , v i is constant and non vanishing. Then from the Corollary 6.2, the shape operators S η i vanishes identically, i = 1, · · · , k. Consequently, the parallel subbundle
⊥ contains, for all p ∈ M, the first normal space of the immersion
Therefore, from the Proposition 4.1 of [6] , we conclude that the codimension of M can be reduced to the rank of the subbundle L. Clearly k < r otherwise M should be totally geodesic which is not possible since M is compact.
6.2. The sphere S n and some extensions. In the next result we prove the existence of harmonic unit normal sections on isoparametric submanifolds of the sphere. If the isoparametric submanifold is also minimal then the associated Gauss maps are eigenmaps of the Laplacian, in particular, are harmonic maps. We note that any isoparametric submanifold of S n is a leaf of a foliation (singular) of S n by isoparametric submanifolds and any of these foliations contains a leaf which is regular and minimal (see [18] , pp 138-139).
The sphere S n can be represented as a quotient G/K of Lie subgroups G and K of O(n + 1) (for example, S n = O(n + 1)/O(n) for any n, S n = U(n + 1)/U(n) for n odd), and the metric of S n is the Riemannian projection of a bi-invariant metric in G. Then, we have an isometric translation Γ : T S n → g, where g is the Lie algebra of G. As in definition 5.7, if M is a manifold immersed in S n then, for each unit normal section η, we can associate a Gauss map γ η : M → S m−1 ⊂ g where m = dim g. We have: Proof.
(1) The proof is analogous to the one of Theorem 6.5 since the isoparametric submanifolds of S n has globally flat normal bundle. ( 2) The proof follows from item (1) and Corollary 5.9.
We can use polar actions (see Section 4) and Theorem 4.2 to extend Theorem 6.7 to more general ambient spaces. Polar actions appear in symmetric spaces. For instance, in a compact Lie group with a bi-invariant metric, the maximal torus theorem guarantees that the conjugation is a polar action. Another example is the left action K × G/K of K on a symmetric space N = G/K, k(gK) = (kg)K (see [1] ).
In the following theorem, assuming that the Ricci normal operator Ric ⊥ M is a multiple of the identity, we obtain harmonic Gauss maps on principal orbits of polar actions. We note that the normal Ricci curvature Ric ⊥ M of submanifold of a space form is always a multiple of the identity. If M is a codimension 2 manifold of an Einstein manifold N then the Ricci normal operator is given by Ric ⊥ M (η) = (Ric(η) − K(η, η ⊥ ))η and then is also a multiple of the identity. Here η ⊥ is a normal vector to M and orthogonal to η, K(η, η ⊥ ) the sectional curvature on N and Ric(η) is the Ricci curvature of N. We mention [16] where it is classified isometric compact group actions in R m and S m whose principal orbits have codimension 2. We note that if an orbit of an action of a compact Lie group on a manifold N is a local maximum for the volume then this orbit is a critical point of the area functional and hence is minimal (see [16] ).
